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I— I Abstract 
O 

We exploit an interpretation of gravity as the symmetry broken phase of 
a de Sitter gauge theory to construct new solutions to the first order field 
I equations. The new solutions are constructed by performing large Spin{4:, 1) 

gauge transformations on the ordinary de Sitter solution and extracting first 
^ the tetrad, then the induced metric. The class of metrics so obtained is an 

ly-^ infinite class labelled by an integer, q. Each solution satisfies the local field 

equations defining constant positive curvature, and is therefore locally isometric 
to de Sitter space wherever the metric is non-degenerate. The degeneracy 
structure of the tetrad and metric refiects the topological differences among 
the solutions with different q. By topological arguments we show that the 
On solutions are physically distinct with respect to the symmetries of Einstein- 

Cartan theory. Ultimately, the existence of solutions of this type may be a 
distinguishing characteristic of gravity as a metric theory versus gravity as a 
^ gauge theory. 



1 Introduction 



Similarities between gravity and the gauge theories of the standard model abound. 
The geometric ingredients of general relativity in the Einstein-Cartan framework in- 
clude a principle G-connection, the spin connection, based on the local Lorentz group 
similar to connections based on the unitary groups of the standard model. In this 
framework extra ingredients, namely the tetrad, must be added to make contact with 
ordinary general relativity [1][2]. However, it has been known for some time that the 
tetrad and spin connection can be combined into a single connection based on the 

*e-mail address: arcOidonoQperimeterinstitute . ca 



1 



Poincare, de Sitter, or anti-de Sitter group depending on the value of the cosmolog- 
ical constant [3], thereby closing further the gap between gravity and an ordinary 
gauge theory. On the other hand, there are key differences between gravity and 
the gauge theories of the standard model that cannot be over-emphasized. Apart 
from diffeomorphism-invariance of general relativity, the most notable difference be- 
tween gravity and an ordinary gauge theory lies in the local symmetries the theory 
retains. Whereas the gauge theories of the standard model based on principle G- 
connections retain full G-symmetry (linearly prior to dynamic symmetry breaking, 
and non-linearly after), Macdowell-Mansouri gravity based on the (A)dS group re- 
tains only the local symmetries of the Lorentz subgroup. Even at the level of the 
action, the exact local (A)dS symmetry is clearly broken, whereas local Lorentz sym- 
metry is retained. In light of dynamic symmetry breaking mechanisms of the standard 
model, it is natural to speculate that perhaps ordinary general relativity is itself the 
symmetry broken phase of a more fundamental theory based on the (A)dS group 
as the local gauge group. In fact, semi-dynamical spontaneous symmetry breaking 
mechanisms have been introduced, which retain the full (A)dS symmetry but yield 
general relativity in the symmetry broken phase |1] [S] [S] [Z] |H] [Sj [ID] • However, these 
model remain understudied and poorly understood. 

In this work we will take seriously the idea that gravity is the symmetry broken 
phase of a more fundamental theory and explore the consequences. We will explore 
generic features based on this assumption which are independent of the details of the 
more fundamental (A)dS theory. That is, we will explore some features of ordinary 
general relativity that may be unearthed by viewing the theory as a symmetry broken 
sector of a larger theory. More specifically, we will use familiar techniques from 
spontaneously symmetry broken gauge theories to derive a new class of exact solutions 
to the Einstein-Cartan field equations. The class of solutions is an infinite class 
labelled by two integers. Each solution is locally de Sitter space in any neighborhood 
where the metric is non-degenerate, but they differ by topological properties of the 
geometry. Although locally de Sitter metrics on manifolds with exotic topologies have 
been constructed in the past [11] [12] [13] [H] , these solutions have a different character 
in that the topology of the base manifold is fixed to be of the form M = M x S'^. The 
topological differences are differences in the global structure of the geometry that is 
imposed on the manifold. Perhaps surprisingly, the differences in the geometries are 
not related to the torsional structure of the solutions - the torsion for all the solutions 
we will construct is identically zero everywhere. 

The symmetry breaking mechanism we will consider in this paper is explicit, as 
opposed to dynamic. In a dynamic scenario, the symmetry would be realized in 
the symmetry broken sector, albeit non-linearly. However, in the explicit scenario 
at hand, the symmetries of the symmetry broken sector are that of Einstein-Cartan 
gravity, nameljj^ Spin{3,l)M x -Di//4(M), and the 5'pm(4, l)jv/ symmetry is not 

^Here, and throughout, we have denoted the group of (vertical) gauge transformations of the 
G-bundle with base manifold M by Gm- 
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realized in Einstein-Cartan theory. 

In truth, the results of this paper are independent of not only the details, but even 
the existence of a more fundamental theory. However, this didactic stance is intended 
to stimulate ongoing and future research. Ultimately the goal is to find solutions or 
properties that would distinguish gravity as a metric theory from gravity as a gauge 
theory, and more generic features are better suited for this goal. 

2 The set-up 

The basic idea is the following. Suppose there is a more fundamental theory with 
an exact local de Sitter symmetry (we will consider both the dS and AdS cases, but 
for definiteness in this section we focus on the former), whose dynamical variables 
consist of the de Sitter connection A = u + ^75 e (see Appendix |a] for notation and 
conventions), and perhaps some other dynamical fields which we need not specify for 
our purposes. Suppose that there exists a symmetry breaking mechanism, which we 
also need not specify, whereby the theory reduces to the ordinary Einstein-Cartan 
theory with a cosmological constant. The phase spaces of the two theories in general 
will be non-intersecting, but they may have some overlap for specific states shared by 
both theories as shown in Figure 1. We will assume only that the more fundamental 
theory admits solutions that are locally fiat with respect to the de Sitter curvature, 
so that 

F[A] =dA + AAA = R[u] - A e + ^75 T = . (1) 

Since the curvature can be separated into even and odd components, this implies the 
two conditions 

R[uj] = ^eAe T = D^e = (2) 

all solutions of which are locally isomorphic to de Sitter space. Naturally, Einstein- 
Cartan theory with a positive cosmological constant also admits such solutions, so 
the two phase spaces share solutions of this form. 

Now, a key property of the de Sitter gauge theory, is the existence of local de 
Sitter symmetry, characterized by the local gauge group Spin{4:,l)M x Diff^iM). 
Suppose, A is some solution to the field equations of the more fundamental theory, 
then ^A = gAg~^ — dg g~^ is also a solution for g e Spin{A, 1)m- It follows that given 
a fiat connection Aq with -F[^o] = 0, FpAo] = gFg~^ = 0. Thus both Aq and ^Aq are 
(gauge equivalent) solutions to the full de Sitter gauge theory. On the other hand, 
the phase space of Einstein-Cartan theory does not have Spin{4:, 1)m x Diff4{M) 
as a local gauge group but only the subgroup Spin{3, 1)m x Dif f^{M). Thus, with 
respect to the symmetries of Einstein-Cartan theory, A and ^A could, potentially, be 
considered physically inequivalent field configurations. This scenario is pictured in 
Figure 1. 
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de Sitter gauge theory Einstein-Cartan gravity 




Figure 1: The left side represents the phase space of the de Sitter gauge theory, and the 
right side represents the phase space of Einstein-Cartan gravity. The overlap region 
in the top diagram represents field configurations that are solutions to both theories, 
highlighting two points. In both cases the horizontal lines represent Spin{3,l)M x 
Dif fi{M) gauge orbits, and the vertical lines in the de Sitter gauge theory represent 
additional gauge orbits in 5'pm(4, 1)m x Diff^^M). Although the two solutions lie in 
the overlap region, to establish the two solutions as equivalent or physically distinct 
one must evaluate the solution spaces and their gauge symmetries separately, as shown 
in the bottom diagram. For the given two points, whereas the two solutions Lie on 
a single gauge orbit in the de Sitter gauge theory, they lie on different gauge orbits 
in the Einstein-Cartan theory. Thus, in the former case they are gauge equivalent 
solutions, whereas in the latter case they are physically distinct. 
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The caveat is that when restricted to flat connections, gauge transformations can 
sometimes be identified with diffeomorphisms and vice- versa (see e.g. [15]). This 
is easy to see at the infinitesimal level. Consider an infinitesimal diffeomorphism 
generated by a vector field V so that A ^ A' = A + CyA. From the Cartan identity 
for a flat connection we have 

F{V) = CyA-DA{A{V)) CyA = DA{A{V)). (3) 

Identifying A = —A{V) as an element of the Lie algebra, an infinitesimal diffeomor- 
phism is equivalent to an infinitesimal gauge transformation. The converse is also 
true provided the tetrad is invertible: an infinitesimal Spin{A, 1) m gauge transfor- 
mation of a flat connection is equivalent to an infinitesimal Spin{3, 1)m xi Diff^lM) 
transformation. Thus, the identity connected component of Spin{4, 1)m restricted to 
the space of locally flat de Sitter connections is generally related to the identity con- 
nected part of Spin{3, 1)m x Diff4^{M), which is a subgroup of the symmetry group 
of Einstein-Cartan gravity. Thus, for an identity connected g{x) G Spin{4:, 1)m, even 
with respect to the restricted set of symmetries of Einstein-Cartan gravity, it often 
happens that ^A and A are gauge equivalent field configurations. On the other hand, 
this is not necessarily true for the large gauge transformations. It is known in 2 -|- 1 
gravity that the group of large gauge transformations bears no generic relation to the 
group of large diffeomorphisms, the mapping class group, of the manifold (see [U] [H] 
and especially [T7] for a simple proof in the context of Chern-Simons theory), and 
it should be expected that there is no relation between the two in 3 -|- 1 gravity as 
well. Although we will not present a generic proof that the two groups are distinct, 
we will demonstrate that the specific solutions constructed here are not related by a 
diffeomorphism, either large or small. 

The procedure is then the following. First we need to characterize the elements 
of the large gauge sector of the de Sitter group. As we will see, these elements are 
characterized by two "winding numbers", m and n which label the homotopically 

inequivalent maps denoted ^ G Spin{A, 1)m- Given a fiducial fiat connection Aq = A, 

n 

we then build the infinite class of fiat connections 



■. m m_i , m, m_-i , , 

A = gAg ^ - (d g) g \ (4) 

^ n n n n 

From this we extract the tetrad and the metric 

e Q = r]jj e' ® e'' . (5) 



The advantage to extracting the metric is that it eliminates all of the gauge freedom 
from the local gauge group, leaving only diffeomorphism freedom. 

This procedure will yield an infinite class of metrics, all of which are locally iso- 
morphic to de Sitter space. The task is then to determine if this class of metrics are all 
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diffeomorphically equivalent, or if they represent distinct solutions to the Einstein- 
Cartan field equations, differing by some topological property. To accomplish this 
task, we will construct and compute an Spin{3, 1)m x Diffi{M) invariant observable 
that distinguishes the solutions with different values of q = m — n. 

To contrast the de Sitter group and the anti-de Sitter group, we will begin the 
construction using both. Eventually it will become clear that the construction gives 
trivial results for the anti-de Sitter group. 

3 The large gauge sectors of the de Sitter and anti- 
de Sitter groups 

We now wish to characterize the large gauge sectors of the de Sitter and anti-de 
Sitter groups. Topological solutions corresponding to the Eulidean case have been 
considered in the past |18j, however, the Eulidean group, S0{5) or Spin{5) has very 
different structure than the de Sitter or anti-de Sitter groups. Some care must be 
taken since both of the latter groups are non-compact. 

Let us first identify the third homotopy group of both group manifolds. To do 
this, we will take advantage of a theorem stating that every semi-simple connected 
Lie group, G, is homeomorphic to the direct product of a maximal compact subgroup, 
H, and a (non-compact) Euclidean space (here ~ means "is homeomorphic to"): 

H xW dim{G) - dim{H) = n. (6) 

The maximal compact subgroup is essentially unique [12], i.e. unique up to conju- 
gation by elements in G. The key point is that the topological properties of G are 
determined by the topological properties of H: since G is contractible to H, the two 
spaces are homotopy equivalent. We then have 

7r3(G) = 7r3(i/xM^) (7) 
= 7i^{H) + 'K^{W) (8) 
= 7r3(i/) + (9) 

since M" is contractible to a point. Thus, the relevant topological properties are 
essentially determined by the maximal compact subgroup. 

To find the maximal compact subgroups, it is useful to first identify a basis for the 
Lie algebras. Using the four-dimensional Clifford algebra, (in (— , +, +, +) signature), 
a basis for the algebras is given by 

spin(4, 1) = Span{\-i^^r^^ , |757^} 5pin(3, 2) = Span{\-i^^-i-^^ , ^7^} . (10) 

We can now separate out the compact generators from the non-compact generators 
as those elements whose one-parameter subgroups formed by exponentiation of the 
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Lie algebra element are compact. Recalling that de Sitter space is compact in the 
spatial directions, the spatial pseudo-translations must form compact orbits. On the 
other hand, anti-dc Sitter space is compact in the timelike direction (prior to taking 
the universal cover) and non-compact in the spacelike directions. Thus, we have 



5pin(4, 1) = Span{\^^'^^^ , ^757''} e Span {^'y^^'y^^ , ^757°} 

" V ' " V ' 

Compact Non— compact 

5pin(3,2) = Span{h^'-f^^ , h^} Span{W'-f°^ , h^} 



(11) 
(12) 



Compact 



Non— compact 



Using the Cartan-Killing metric on the Lie algebras (formed by simply taking the 
trace of two Lie algebra elements), it is easy to see that as a vector space the non- 
compact part of 5pin(4, 1) is M^, and the non-compact part of 5pin(3,2) is M^. One 
can also rescale the non-compact generators by a parameter, and perform a Wigner- 
Inonii contraction by taking the limit as the scaling parameter goes to zero, keeping 
only linear terms. In this contracted limit, the non-compact generators form gen- 
uine translational subgroups and for the de Sitter and anti-de Sitter cases 
respectively. Thus, the two groups are homeomorphic to Spin{4:, 1) ^ Has x and 
Spin{3, 2) HAdS x 

We now need to determine the maximal compact subgroups H^s and Hacis- In the 
anti-de Sitter case, it is clear that the spatial rotation generators commute with the 
timelikc translation generators. Since the spatial rotations form the subgroup SU (2), 
and the timelike translations form the subgroup U{1), we have 



Spin{3, 2) ^ {SU{2) x U{1)) x ~ ^ §1 



X 



Thus, we have 



ns{Spin{3,2)) = 773(8=^) + 7r3(§^) + 7r3(R^) 
= Z + + 0. 



(13) 



(14) 



We turn now to the de Sitter case. To gain some understanding of the maximal 
compact subgroup it is useful to work in the Dirac representation where 
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" 1 " 




" a'' 




"01" 


i 


-1 


7* = -i 


-a' 


75 = 


1 



so that 



:757 



Now define 









1 




\ 




+ 2 








1 

~ 2 



757 















(15) 

(16) 

(17) 
(18) 
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Since r| and r| are linear combinations of the compact generators, and they clearly 
generate independent SU (2)-f and SU (2)| subgroups, the maximal compact subgroup 
of Spin{A, 1) is Spin{4:) = SU{2) x SU{2). Thus, we hav^Q 

Spin{4:, 1) ^ Spin{4) x ~ x x (19) 

from which we derive 

7r3(5pm(4,l)) = 7r3(§3) + 7r3(§3) + 7r3(M^) 

= Z + Z + 0. (20) 



4 The generators of large gauge transformations 



We will now construct the generating elements of the third homotopy groups. But 
first, let us point out a key difference between the de Sitter and anti-de Sitter case. 
In the de Sitter case, the non-trivial topological properties of Spin{4, 1) come from 
the SU{2) subgroups. These subgroups are generated by r| and r^, which are linear 
combinations of spatial rotations and translation generators. Thus, the group ele- 
ments they generate are not contained in the Spin{3, 1) Lorentz subgroup. On the 
other hand, for the anti-de Sitter case, the non-trivial topological properties come 
from the SU{2) subgroup generated strictly by spatial rotations, which are contained 
in the Lorentz subgroup. Thus, whereas in the de Sitter case there are non-trivial 
topological properties apart from those associated with the Lorentz subgroup, for the 
anti-de Sitter group all the relevant topological properties essentially come from the 
Lorentz subgroup itself. Since local Lorentz symmetry is an ordinary symmetry of 
Einstein-Cartan gravity, in the anti-de Sitter case since the resulting transformation 
will be an ordinary gauge transformation, albeit a large one. In particular, this means 
that the induced metric after the gauge transformation will be identical to the metric 
prior to the gauge transformation, = q, since the metric is Spin{3, 1)m invariant. 
For this reason, for the remainder of the paper we will consider only the de Sitter 
case. 

For the de Sitter group, we can now easily construct the generators of the large 
gauge group using well known properties of SU{2) [20]. Suppose the spatial hyper- 
surface, S, is topologically a three-sphere, S = Let X°' and be the embedding 
coordinates of S as the unit three sphere in the Euclidean space M^, where it is un- 
derstood that a = {1,2,3,4}. Thus, S^^^X^x'^ = 1 and S^iY^y'^ = 1. The generators 
of the large gauge transformations are 



9i 



l4. + X4l^ + X.2r, 



X^l + Xiia' 
1 

1 

Y^l + Yiia' 



(21) 



^More generically, the maximal compact subgroup 
Spin{q))/{{1, 1}, {—1, —1}}, confirming our derivation. 



of Spin{p, q) is {Spin{p) x 
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where 



1 


0" 




'0 


0" 








h = 





1 



Writing g^^ = ((y'j^)"', consider the group element 



(22) 



(23) 



Consider now the change in the Chern-Simons functional for the de Sitter connection 
A = u + ^757/ e^, under the transformation A — )■ M = gAg~^ — dg g^^: 



YcsM 



1 

8^ 



( 



Tr A d^A + -^A A M A M 



) 



= ^cs[A] + ^^ I Tr{dgg-'Adgg-'Adgg-') . 
Writmg A = g A g — [dg) g , we have 

" n n n n 

1 



(24) 
(25) 



247r2 
1 

^24^ 
m 



247r2 
n 



247r2 



Tr ((7f )-i A (^?f )-i A f/^^f (<7f )-i) 
Tr (rf^,- (^p-i A {gir' A d^," (^^p-^) 
Tr {dgl (g^^)-' A rf^^j (^^j)"' A dg'^ {g'^)-') 
Tr {dgl {glr' A dg} (gl)-' A dg} {gD'') . (26) 



As a manifestation of the index theorem, the integrals are related to the index of the 
vector fields X"' and Y'' by 



m 
24^ 



n 
24^ 



m 



Tr [dg] [g])-^ A dg] [g])'^ A ((7^)-^) 
2^ 1^3! 

Tr W(^|)-^Arf(7|((7|)-^A^;(7|((7|)-^) 



(27) 



n 



27r2 \3! 



1 



e.^.i^dY^^dY^AdY^ 



(28) 
27r2, 



The integrals in parentheses in (27) and (28) are identified with yo/(§ ) 
yielding the final result 

m 

Ycs[A]-Ycs[A]=m + n. (29) 

n 

We conclude that the group elements gfj : §^ — > Spin{A, 1) and (y^l : S'^ — t- Spin^A, 1) 
are the generators of n^^Spin^A, 1)) = Z + Z. 
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5 Finding the induced metric 



We will now proceed to find the tetrad and metric induced by the large de Sitter trans- 
formation. The construction proceeds as follows. Begin with a fiducial representation 
of de Sitter space defined by a tetrad e— I77 e^, and its torsion free spin-connection 
ui — ^'ji^jUJ^'^. Combine these two elements into a fiducial de Sitter connection 



A — uj + e, where £ 



and A is the cosmological constant. Call this fiducial 



de Sitter connection A. We then explicitly construct the gauge transformed field A 

n 

written in terms of the fiducial tetrad and spin connection, and the vector fields X" 
and Y^. Once we have this connection, we proceed to extract the tetrad identified as 
the odd component of the connection given by the formula: 



^ £ /rn m \ f 

e = ;^75 M - 75^75 = ;^[75 , ■ 

n Z Kn n J Z ~ 



m 



n 



The metric can then be induced by 

Q = Tr{e 



e 



n 



m J 
n 



(30) 



(31) 



Let us first set up some preliminaries. The calculations will be drastically simpli- 
fied by first obtaining a convenient form for the group element g. Since the vector 

n 

field X°' has unit norm under the Euclidean inner product at each point of the man- 
ifold, it defines a point on the three-sphere embedded in four dimensional Euclidean 
space. Thus, it is convenient to express the vector field in terms of the polar angles 
of the three sphere. Thus, define 



X^ 
X^ 
X' 



sin X sin cos 
sin X sin 6 sin 
sin X cos 9 
cosx- 



(32) 



Identifying the coordinates {x, 6, 0} as the coordinates of the spatial three sphere of 
the de Sitter spacetime manifold E ~ S^, then gives the map E ~ — > SU{2)^ ~ S^. 
Similarly for y"-the only subtlety is that the two vector fields do not necessarily 
have to be defined with respect to the same origin on the spatial three sphere, thus 
we write in terms of an alternative set of polar angles {x' , 0' , (p'} . With these 
identifications, it can be shown that the group elements and g^ become 



9T = 



9': 



COS mx 1 + sin mx Xi ia^ 
1 

1 ^ 

cos nx' 1 + sin nx' Yi ^c* 



(33) 
(34) 
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where X* = X*/ sinx so that XjX* = 1 defines a 2-sphere (recall {i,j, k} range from 
one to three), and similarly for Y\ 



Working in the Dirac representation for the gamma-matrices given above (15) 
the connection can be written: 



A 



Win -t{uj'ori + ^,e°) 

2e^ 



-t{co^,T,-j-,e^) Win 



(35) 



where W^ = \e'-jk (^^^ ± = ± and r* = 

With these preliminaries, the remainder of the calculation reduces to lengthy but 
straight forward matrix algebra, so we will present only the end result. Without 
simplifying assumptions, the general solution is somewhat complicated. For the time 
component of the tetrad the general result is 

e = Icosmxcos^x +smmxsmnx Xji ) e 

—i ^sin mx cos nx' Xi a;*o — cos mx sin nx' Yi a;*o j 
+i sin mx sin nx ^ijkX'^Y'^^'^o (36) 
and for the spatial components we have 

= ^ (cos 2mx W^ - sin 2mx e'jk X^ W^ + 2 sin^ mx Xk W^ X'\ 

n 2 \ / 

a / ~. ~. . _ . _ N 

-- [2m cos 2mx X' dx + sin 2mx dX' - 2 sin^ mx e'jkX^ dX^j 

-{m ^ n, ^ Y\ x^x'.W+^Wl}. (37) 

The time components simplify when it is assumed that X* = Y^ and x = x'; ^ind we 
will assume this for the rest of the paper. Defining p = m + n and q = m — n, m this 
case we have ^ 

e° = cosgxc° ~ ^singxXju;*o • (38) 

n 

and 

'e* = cospx cos qx e* — sinpx cos qx ^^jkX^ e'^ 

n 

+ ( 1 — COS PX COS qx) X* Xj 

—t cospx sin qx ^-DX* 

+£ sin PX sin qx e'jkX^ ^DX^ 

-eqX'dx, (39) 
where we have defined ^DX^ = c/X* + u'^j XK The corresponding spin connection can 
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also be computed by calculating ui = \{A + 75A75), yielding (recall a;' = \e^jkU!^ ): 

n n n 

a;'o = cos px uj\ + - sm qx X' 

n t 

- sinpx e'ifc ^^'^''o + (cos qx - cospx) X' XkU^ (40) 



and 



u;^ = oj' + (1- cospx cos gx) e'ojt X-^' ^M'' 

n 

1 . . i 

-J smpxsmgxe 

+^ sinpxsingx^^^fce^ 

- J cos PX sin qx e'jkX^ 

— sinpx cos qx ^DX'^ 

-pX'dx. (41) 

m nir m j 



For writing the metric, Q = fjijc (8) e , it is convenient to define the four 

vector X^ = (0,X*) so that the covariant derivative becomes D^X^ = ^DX^ and 
D^^X^ = u^iX^. Written in terms of the fiducial tetrad and spin connection, the 
induced metric is given by 



m 9 

= cos qxg 

n 



+ sin^ qx (^Xj ® Xj e*^) 

sin^qX [d^Xi®D^X'^ 
+eq^ {dx®dx) 

—i sin qx cos qx (e^ ^ D^Xj + D^Xi ® 
-i q [dx ®Xie^ + Xj (g) dx) ■ (42) 

We first note that whereas the tetrad depends on both p and q (equivalently, both m 
and n), the metric only depends on the difference of the winding numbers: q = m — n. 
Heuristically, this is because the large sector of the gauge group is formed by a 
combination of the three spatial rotations and the three spatial translations. On the 
other hand, the metric is invariant under the spatial rotations (large or small) so the 
induced metric only depends on one integer, q = m — n. 

We also notice that when = 0, so that m — n, we have = 0. Prom the form 

m 

of the tetrad, the combination of an SU (2)^ transformation with winding number m. 
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and a SU{2)^ transformation also with winding number m is not trivial. However, 
the induced metric reveals that it is equivalent to a local Lorentz transformation. On 
closer inspection, the corresponding group element can be written 

(43) 



9 



9T9T 



COS mx 1 + sin mx Xi e^jk 



revealing that it is in fact a group element in the large sector of the rotation subgroup 
of the the ordinary Lorentz subgroup, which leaves the metric invariant under both 
large and small gauge transformations. 

The task is now simply to plug in a particular fiducial tetrad and spin connection 
for de Sitter space. The natural form of the metric in the global M x §^ slicing of de 
Sitter space is 

with a = icosht/i. We choose the diagonal tetrad 

a dx 

e^ = dt e' = asinlixdO . (45) 
a sinhxsin^(i0 

With this choice, the spin connection is given by: 

— cos xdO — cos X sin 6 dcf. 

tanh(t/£)e* ^^j = cos xd9 —cos 6*6/0 

cos X sin 6 dip cos 9 dip 



uj\ = - e 
a 



1 



We notice that u^'^ t = 0. This has the immediate consequence that Qtt 

n 

from which it is clear that the lapse is given by 

= cos qx , 

which is zero whenever qx/t^ is a half integer. 



6) 



- cos" qx, 



(47) 



6 The determinant of the metric 

The procedure used to construct the solutions guarantees that the induced tetrad and 
spin-connection (written u) solve the first order Einstein-field equations by virtue of 

n 

satisfying the generalized constant positive curvature condition^ 

m R[u\ = f e A e 

" T[ e, = . 



■^By construction it should be obvious that the tetrad e and the spin connection cj satisfy the 

n n 

constant curvature and zero torsion conditions. However, as a check on the algebra we have confirmed 
this explicitly for the exact solutions given above. Incidentally, the identities hold for any real values 
of m and n, but the topological interpretation of the solutions only holds for integer values. 
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However, the procedure does not ensure that the induced tetrad and metric are non- 
degenerate. In fact, examination of the determinant of the tetrad (which we recall is 
related to the determinant of the metric by |(iet(e^^)| = >y\det{Q^^)\ ) reveals that 
the induced metric is degenerate at some points on the manifold. In the gauge we 
have chosen, the determinant simplifies to det{e^ ^) — Ndet{e\). In addition, we have 
\det{e^a)\ — ^/\det{i)ab)\ where i)ab is the 3-metric. Thus, the determinant is 

det{e^ 1^) = cosqx det{e\), (49) 

and the points where the determinant of the three-metric vanishes define a two- 
surface embedded in where the parity of the spatial volume element reverses sign. 
Initial indications suggest that the surfaces defined by det{e^a) = at t = are 
two-dimensional manifolds whose genus is equal to the absolute value of the integer q 
(apart from the q — solution where there is no degenerate surface), though further 
investigation is required for verification. These features appear and disappear near 
the throat at t = on a time scale roughly set by i. We plot the det{e\) = 
surfaces at t = in Figure 1. To visualize the three-sphere, the sphere is split in 
half at X = '^/2, to form two closed balls with boundaries identified. The total, 
integrated 3- volume of a constant-time slice reveals an interesting structure reflecting 
the topological differences of the solutions, which we will discuss more throughly in 
the next section. 

7 Are the solutions physically distinct? 

Let us now return to the question of whether the metric with non-zero q are physically 
distinct from de Sitter space. The existence of metric degeneracies is not by itself 
sufficient to guarantee that the induced metrics ior q ^ are physically distinct from 
de Sitter space because the points where the determinant vanishes could indicate the 
existence of coordinate singularities that potentially could be resolved with the right 
diffeomorphism. To answer this question definitively, it will be sufficient to compute 
at least one quantity invariant under the symmetries of Einstein-Cartan theory that 
distinguishes ordinary de Sitter space from the other solutions. Since the solutions 
are related by a Spin{4, 1)m transformation, we should look for a quantity that is 
invariant under Spin{3, 1)m x Dif fi{M) but is not invariant under Spin{A, 1)m xi 
Dif f4{M). Furthermore, since the solutions are all locally de Sitter space (at points 
where the metric is non-degenerate), and de Sitter space is locally unique, we should 
look for topological quantities that may distinguish the new solutions from de Sitter 
space. 

Recall that there are three topological quantities defined on a manifold or region 
of a manifold that invariant under Spin{3.1)M x Dif f,i{hl) formed by integration 
of the torsion and curvature two-forms in the bulk. They are the Chern-Pontryagin 
class, the Nieh-Yan class, and the Euler class. Since the torsion vanishes identically 
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Figure 2: Just as the two-sphere can be visuahzed by cutting the sphere into two 
closed disks and identifying boundary points (pictured upper left), the three-sphere 
can be cut into two closed balls with §^ boundaries identified. The surfaces defined by 
the vanishing of the three metric are visualized in this way for various values of q. The 
obvious defects are caused by numerical sampling errors, and are not fundamental 
features of the surfaces. Upper right: the q = 1 surface clearly forms a genus-one 
surface, the torus §^ x when boundary points are identified. Lower left: for 
q = 2 the degenerate surface forms a genus two surface. Lower right: for g = 3 the 
degenerate surface forms a genus-three surface. This leads us to conjecture that the 
degenerate 2-surface of the three- metric at t = for each solution solution {e,u} is 

n n 

a genus- |m — n\ surface embedded in the three-sphere. 
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everywhere, the Nieh-Yan term is identically zero. For manifolds with boundary, or 
non-compact manifolds where a boundary is generally added to construct well-defined 
expressions and later sent to infinity, the two other invariants must be modified to 
include boundary terms (see [21j for a discussion of these terms). These boundary 
terms account for the extrinsic curvature and internal kinks of the boundary manifold, 
and they ensure that the expressions are gauge invariant and finite. Atiyah, Patodi, 
and Singer constructed general boundary terms which extend the gravitational index 
theorem for manifolds with boundaries [22] [23] . When the extra terms are taken into 
account, it can be shown that the Euler characteristic and second Chern class also 
vanish on our set of solutions. 

Heuristically this null result can be understood as follows. The index theorem gives 
a set of characteristic classes whose value is interpreted as the instanton number of 
the field configuration. The prototypical instanton in a manifold M x E consists of 
an an initial data set at past infinity that evolves into an initial data set at future 
infinity that differs from the original by a gauge transformation that is not deformable 
to the identitjj^ The key property is that the space of connections admits continuous 
paths interpolating between the two data sets. Despite the past and future data 
sets being gauge equivalent these paths are not gauge orbits, since no continuous 
gauge transformation can connect the two configurations. Thus, it is the continuous 
path in the space of connections on S, interpreted as a history on M x S that is the 
instanton with non-zero winding number. Thus, one can take two spatial slices of 

two different solutions A and A to be the bounding data sets, and easily construct a 

ni 712 

smooth connection interpolating between these two sets interpreted as an instanton 
configuration. In a follow-up paper [23], these types of configurations are constructed, 
and their implications for quantum gravity are explored. However, the solutions 

m 

A themselves do not represent transitions between two homotopically inequivalent 

n 

sectors in the space of connections. Thus, they each have zero instanton number, 
explaining why the Nieh-Yan, Chern-Pontryagin, and Euler classes are all zero. 

Thus, we must seek a different approach to physically distinguish the solutions. 
The strategy we will employ here is to first identify a distinguished set of hypersur- 
faces by appealing to a set of isometries common to all the solutions. In particular, we 
will first identify a Z2 isometry of all the states, and identify a distinguished hyper- 
surface as the identity of the Z2 symmetry. The purpose of this construction is that 
these hypersurfaces are distinguished in a diffeomorphism invariant fashion, since the 
construction only employs the available isometries, which can be identified in a diffeo- 
morphism invariant fashion. Next we will construct an appropriate generalization of 
the 3-volume of the distinguished hypersurfaces for each solution, which is invariant 
under Spin{3, 1)m x Diff^^M). As we will see, the value of this quantity is directly 

■*The past and future data sets do not need to be gauge related in order to have non-zero instanton 
number. However, for the purposes of illustration it is useful to restrict attention to these types of 
instantons. 
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related to g, and therefore serves to differentiate tlie solutions as physically distinct. 

We first note that in addition to the set of ten continuous Killing isometries, de 
Sitter space has a discrete isometries. Here we will use the term isometry in a gener- 
alized sense: A transformation {e,u} — )■ {e*,^;^,} is said to be an isometry if = e 
and cj* = u. de Sitter space has the special property that it is time-reversal sym- 
metric. More specifically, there exists a parameterized foliation of the manifold M 
into spatially compact hypersurfaces ~ with t G M, such that under the dif- 
feomorphism — )■ S_t, together with an appropriate discrete transformation of the 
5*0(3, 1) vector space, the resulting transformation is an isometry. The action of time 
reversal on the internal space is well-known from quantum field theory as the antiuni- 
tary T-transformation of CPT-symmetry. Acting on the Clifford algebra, the action 
of T is given by T{-f°) = -7°, T{Y) = l\ T{-f^'-f^^) = -f^'-f^\ and T{-f^'-f°^) = -71*7°]. 
The resulting transformation obtain by applying T and the diffeomorphism t —t 
is an isometrjj^ Furthermore, since each of the new solutions are obtained from the 
de Sitter solution by applying a ^ e Spin{4, 1)m that is invariant under time reversal 

n 

{9* = 9): each of the new solutions inherits the Z2 isometry of de Sitter space. We 

n n 

now identify a distinguished hypersurface Sq as the hypersurface that is stabilized un- 
der the Z2 isometry. In the ordinary de Sitter case, due to the presence of the Killing 
isometries, the foliation and the distinguished hypersurface So are not unique: 
the hypersurface will be invariant under three spatial rotations and three spatial 
transvections, but it will not be invariant under boosts and hypersurface orthogo- 
nal transvections. However, since these transformations are themselves isometries, 
the geometric content is preserved, and in particular, the Spin{3, 1)m x Dif f^{M) 
invariant observable we will construct is independent of the choice of two different 
hypersurfaces, Sq and Eg that are related by a Killing isometry. Although we will not 
discuss the Killing isometries of the new solutions, by the same argument, the exis- 
tence of such isometries and the resulting ambiguity of the distinguished hypersurface 
will not affect the physical observable. 

Given such a foliation of de Sitter space, we define the vector to be the lift 

of the hypersurface- normal vector n to the 5*0(3, 1) vector space so that = e\n). 
The vector field can then be extended to each of the geometries {e, u} by applying a 

n n 

gauge transformation to define = Ijjn"^. In the standard polar chart of de Sitter 

space, the parameter t of can be identified with the time variable, and in the 
diagonal gauge, the vector is given by = (1,0,0,0). This vector is preserved by 

^It is worth explaining the potentially confusing behavior of the extrinsic curvature if* = cj'q = 
jtanh(i/^)e\ Under t — > — i clearly —K^. However, under the time reversal operation of 

the internal indices, we also have T{K'^) = T(a;'o) = —K'^. Thus, in total Kl — K"^ . Since the 
extrinsic curvature occurs explicitly in the expression for , some care must be taken to ensure that 

n 

the isometry is evaluated properly. 
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^, thus we will simply write — in this gauge. At all points where the metric 

n " 

is non-degenerate, one can define a hypersurface normal, n — coslqx) these 
points = "e\n). However, whereas the normal vector in the tangent space, n is 

n 

undefined when cos(gx) = 0, the internal vector is defined everywhere. Thus, we 
can now define the natural generalization of the three- volume of a hypersurface 

V(E) = - / ★neAeAe^ / -.euKLU^ A A . (50) 

n o! Jy, n n n Jjt o! n n n 



The invariant observable will be the spatial 3- volume of the distinguished hypersur- 

m 

face: V(So). 

n 

The expression is gauge invariant under local 5*0(3, 1)m transformations, and since 
the hypersurface Eq is distinguished in a diffeomorphism invariant manner (up to 
isometry transformations, which don't change the value of the integral) by exploiting 
the available Z2 symmetry, the observable charge is invariant under diffeomorphisms 
as well. 

7.1 Calculating the charge 

As we have argued, if the volume ^V{Y1q) is different for the geometries {e,a;}, the 

n n n 

geometries can be viewed as physically distinct with respect to the gauge symmetries 
of Einstein-Cartan gravity. The task is then to calculate the charge. In fact the 
invariant can be calculated analytically as we will now show. 

m 

We first note, that in the given gauge, the pull-back of the connection, A to Sq 

n 

under the inclusion map p : Eq — )■ M is pure diagonal: 



{w^ + \E^)Ti 



m ■ 



(51) 



m. 



where E'^ = p*e* can be interpreted as a spatial triad on the three sphere, and 



m • 
W 



n 



n n 



2^^jk p*(^ can be interpreted as an SU (2)-connection compatible with the 



triad. These new variables satisfy (denoting w = Ti and E = E^ tj) 

m 

DmE = 



m m m \ m m 

Rm^dw + w = -^EAE (52) 

^ n n n t n n 

defining the constant curvature, zero-torsion geometry on the three sphere Eq. The 

m 

connection p^A can be interpreted as a fiat 5'pm(4)-connection on the 3-sphere. This 
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Lie group can be split into two copies of SU{2) using the isomorphism Spin{4) ~ 
SU (2)1- X SU{2)i. Correspondingly, the connection can be split into two SU (2)- 
connections: 



R + ]E')n 













(w' 







(53) 



Consider now the Chern-Simons invariants of the two flat connections. Since 

n 

m 

^/f ly+^/f" - (c/^7f )^/f and W. = g'lW.gl'' - {dg^)9l'' we have: 



m m 

Ycs[W+] = Ycs[W+] + m Ycs[W-] = Ycs[W^] + n . 



Thus, we have 

' m m 

Ycs[W+]-Ycs[W. 



Ycs[W+]-Ycs[W. 



m — n . 



(54) 



(55) 



On the other hand, the difference between the two Chern-Simons functionals takes 
the simple form: 



Ycs[W+]-Ycs[W. 



in" 



So 



2 m "2 ra m m 

-E ARm + —E AE AE 

in ^ 3P n n n 



37r2£3 



m m 



E AE AE 



So 



-V(So)/27r 



2/93 



(56) 



Thus, in total we have 



F(So) = 27r^f^(l-g) (57) 

n 

from which we can define the invariant charge of the generalized de Sitter spaces 

m m 

Q = l- ViJ:o)/27r^e . (58) 



{'e\ a; } and 02 

ni ni 



,m2 m2-, , 

I e , j. When 

n2 U'z 



Now, suppose we have two solutions C5i 

are the solutions physically distinct with respect to the gauge group Spin{3, 1)m x 
Diffi{M)l From the previous discussion, the two geometries will be physically 



mi 



7712 



mi 



m2 



mi 



m2 



distinct if Q 7^ Q. Moreover, if Q = Q, then A and A are related by a gauge 

n\ 712 ni n2 "i "2 

transformation of the form ^, which by (43) is in 5'pm(3, 1)4/. Thus, we conclude 

m 

that 01 and 02 are physically distinct solutions to the first order Einstein-Cartan 

mi m2 

field equations if and only if Q ^ Q. 

ni n2 
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8 Concluding Remarks 



There are strong indications that the current incarnation gravity may be the sym- 
metry broken phase of a more fundamental gauge theory based on the gauge group 
Spin{A, 1). Without knowledge of a full theory wherein the local symmetry is dynam- 
ically broken to Spin(3, 1), we have demonstrated that there are extremely generic 
properties of the symmetry-reduced theory that can be viewed as relic features of the 
full theory. They are generic in the sense that they do not depend on the details of 
the full theory in question apart from its symmetry group. In particular, by exploit- 
ing this symmetry we have constructed an infinite class of solutions to the first order 
Einstein-Cartan field cqiiations with a positive cosmological constant. The solutions 
are physically distinct sohitions with respect to the symmetries of Einstein-Cartan 
gravity, but they have some new and interesting properties not apparent in more 
conventional solutions to the field equations. 

From the perspective of ordinary general relativity based on a smooth non-degenerate 
metric, it may be tempting to disregard these solutions as unphysical. However, from 
the perspective of gravity as a gauge theory, these solutions are perfectly natural. 
Moreover, if the full theory retained exact, local Spin{4:, 1) invariance, as opposed 
to simply invariance under the Spin{3, 1) subgroup, these solutions would be gauge 
related, and therefore physically equivalent. Thus, metric gravity (barring a loose 
interpretation of metric theories allowing for degenerate metrics) would not allow for 
such states whereas gauge gravity might. For these reasons, we suggest that rather 
than dismissing the solutions as unphysical, the existence of such solutions should be 
regarded as a distinguishing characteristic of gravity as a gauge theory versus gravity 
as a metric theory, and the former should be more thoroughly explored. 
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A Notation and Conventions 

Throughout this paper we will work with four-dimensional Riemannian manifolds 
with metric signature (— , -|-, -|-, -|-). In these conventions, the de Sitter and anti-de 



20 



Sitter metrics are the non- degenerate configurations {M, e, a;} satisfying 

du^^ + u^K ^0J^^^ ^±^-^e^ f\e-^ de^ + k A ^ (59) 

where for de Sitter space the sign is "+" and the topology is M = M x and for 
anti-de Sitter the sign is "— " and the topology is M = (the universal cover of 
X R^). For the local de Sitter and anti-de Sitter Lie algebras, it is convenient 
to work in a Chfford algebra representation. The Chfford algebra is defined by the 
condition 

7V + 7V = 2r/^-^ (60) 

with r]^"^ = diag{—l, 1, 1, 1). For generality, we will work with the double covers of 
the de Sitter and anti-de Sitter groups, 5*0(4, 1) and S0{3, 2), which are respectively, 
Spin{4, 1) and Spin{3, 2). We will employ a generic, standard complex 4x4 matrix 
representation of the algebra, specifying the Dirac representation when necessary. In 
this representation, the fundamental representation of 5pin(3, 1) is the span of the 
Dirac bilinears, ^'y^^'y'^\ and the de Sitter and anti-de Sitter algebras are respectively 

5pin(4, 1) = Spanil-f^^-f-^^ , |757^} 5pin(3, 2) = Span{l-f^^Y^ , ^7-^} . (61) 

The tetrad is naturally valued in the vector elements of the Clifford algebra, e = 
^7/ , with normalization defined so that Tr{e^e) = q, where q is the metric tensor. 
The spin connection is valued in the Lorentz subalgebra, uj = |7[/7j] ou^"^ , and its 
curvature is R[uj] = |7[/7j] R^"^ = dco + co Aco. The internal Spin{3, 1) dual is given 
by * = -i75 = 7O7I7273 = ^ejjKLl^j-^j^^^, with €0123 = -e°^^^ = 1- Under an 
integral, the trace over the Clifford algebra is assumed so that, for example 

/ ^RAR=] [ eijKLR'' A i?^^ . (62) 
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